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Abstract An important aspect regarding these systems is that aug-

mentation can occur for multiple sensory modalities (hap-
The aim of the paper is to propose a formal model tic, visual, auditive).

for Cooperative Augmented Reality Systems (CARSs). We
motivate it by two examples, one of them applying Aug-
mented Reality (AR) paradigms to medical training, and  The main challenge encountered in designing CARSs is
the other one to telerobotic manipulation. The model is the dynamic nature of the environment. The attributes of
based on automata theory and objectives are formulated asthe virtual components of the scene are changing as an ef-
reachability-like decision problems. We show that reacha- fect of the participants’ interactions. These interactiand
bility, which plays an important role in analyzing CARSS, information exchanges generate a state referred to as the
is undecidable in general, but it is NP-complete for finite- dynamic shared statfi6] that has to be maintained con-
domain CARSs. The relationship with Petri nets, as modelssistent at all sites for all participants and in the presefce

of distributed and concurrent systems, is also provided.  inevitable network latency and jitter. In spite of the fdwat
several problems inherent in such environments have been

investigated over the years, no generally accepted formal-
1 Introduction ism allowing an in-depth reasoning for such systems has
been developed.

Augmented Reality (AR) systems [11] use computers
and specific visualization devices to overlay virtual irfor
mation in the real world. They enhance the perception of
and the interaction with the real world. Visually, the real

The aim of this paper is to propose a formal model for
' CARSs. We motivate it by two examples, one of them
X . applying AR paradigms to medical training, and the other
scene a person sees is augmented with computer-generateghe 14 telerobotic manipulation. The model is based on au-

objects. These virtual objects are placeghisteredinthe 515 theory and objectives are formulated as reachabilit

real scene in such a way that the information they carry ap-jie gecision problems. We show that reachability, which
pears in the correct location with respect to the real object plays an important role in analyzing CARSs, is undecidable
they augment. in general, but is NP-complete for finite-domain CARSS.

Several AR systems were proposed in the mid '90s as p re|ationship with Petri nets, as models of distributed and
tools to assist in different fields such as medicine [5], com- .o ~urrent systems, is also provided.

plex assembly labeling [4], and construction labeling [18]
With advances in computer graphics, networking, and hard-
ware (i.e., 3D displays, haptic devices etc.) the research The paper is organized into six sections. Section 2 de-
community has shifted attention to distributed environteen  scribes two complex CARSs as motivating examples for this
that use extensively the AR paradigm [1, 14]. Further- work. In Section 3 we raise the abstraction level by intro-
more, a Cooperative Augmented Reality System (CARS) ducing the main components of a formal model intended to
can substantially facilitate experts’ interactions, espléy capture the behavior of CARS. In Section 4, the model is
during quick-response conditions such as medical emergenapplied to the first CARS example, an AR-based Endotra-
cies [15], and has the potential to provide efficient tragnin  cheal Intubation training system. A few basic properties of
*On leave from “Al.l.Cuza” University of lasi, Department Gfom- our model are studied in Section 5. We end the paper with
puter Science, lasi, Romania, e-mdil:t i pl ea@mi | . dntis.ro conclusions followed by near future work.




2 Examples of Cooperative Augmented Real- rameters (e.g., breathing rate, hearth rate) as illustiate
ity Systems (CARSS) Figure 1.

The complexity of modeling and reasoning about sys-
tems that involve cooperation between tasks and data-distri
bution plays an important role in CARSs development.

In the following paragraphs, two examples of CARSs are
briefly discussed. These examples will be used to motivate
our formal model and to exemplify the main problems one
encounters when designing and planning the development

of such complex systems. Figure 1. Instructors visualizing the 3D mod-
els relative position (left), while a remote stu-
2.1 AR Systems for Training Endo- dent performs the ETI procedure (right)

Tracheal Intubation

Using this training CARS, the student has the ability to

Endo-tracheal Intubation (ETI) is a frequent medical . X ) . .
procedure encountered in Er(nerg)ency Rooqms (ER). For aV|suaI|ze the changes in the HPS behavior (e.g., blocked air

successful intubation, a trained physician must inserian e way) and the associated virtual models (relative position o

dotracheal tube through the patient's mouth or nose into thethe virtual endotracheal tube and virtual trachea).Based o

trachea to assure lungs ventilation. The most important rea :jh's visual ;eecjbaclzk the_ stugent will adoplt different |'pFr?Cﬁ
son for training clinicians in ETI is the inherent difficulty . ures on the simulator in order to correctly accomplish the
associated with the procedure. In case of severe trauméntUbatlon' _ . .
patients, emergency airway management is classified as %af?hheangfeﬂzgltg.the HPS with cooperative AR capability
major cause of pre-hospital death trauma by the American P '

Heart Association [17]. Many anesthesiologist believe tha e Simultaneously train local and remotely located stu-

the main cause of failure in applying the ETl is the difficulty dents;
for the clinician to visualize the vocal cords [3]. e Allow students to actually “see” and therefore better
A common training methodology is based on the Human understand their actions on the HPS which affects the

Patient Simulator (HPS) [8] a plastic mannequin, used as a behavior of the simulator:
severe trauma victim. A medical student in a practice ER is
responsible for stabilizing the simulated patient. Onénef t
first procedures the student must perform is the ETI. The
standard training procedure is executed locally (i.e.hbot
the student and his/her’s instructor are at the same logatio
Augmenting the real environment with virtual 3D mod- This CARS example will be formally modeled and de-
els that participants may interact with remotely, has the tailed in Section 4.
potential to enhance training effectiveness allowing par-
ticipants to visualize and better understand various com-2.2 AR Systems for Remote Telerobotic
plex medical procedures with frequent exposure to the tech- Manipulation
nigues and without the cost of traveling. In [6] the ETI pro-
cedure based on the HPS system was enhanced using AR Another example that would take advantage of our for-
paradigms (i.e., virtual models superimposed dynamically mal reasoning model which will be proposed in the next
on the HPS), allowing the student to visualize the internal section is an AR Remote Telerobotic Manipulation system
anatomy (i.e., trachea and lungs). During the intubation []. Although this system will not be discussed in detalil it is
procedure the instructors located remotely visually asses interesting to emphasize the potential and the wide range of
the student skills based on the relative position of theigirt  collaborative applications that can benefit from the formal
models displayed and the associated simulation parametersodel.
[9]. With the advances in multi-modal interaction devices, in-
Using the above CARS, a student in a practice ER cantegrated multi-modal interfaces can enable a team to visu-
perform the ETI while two or more instructors located re- ally and haptically (e.g., force feedback) sense the enviro
motely visualize, interact during the training procedaied ment of a robot and to remotely control a robot's naviga-
trigger difficult intubation scenarios (e.g. blocked aiywwa tion/manipulation in hazardous environments. Such a co-
and halo cervical traction) by changing the simulations pa- operative system will extend the human visual and haptic

e Allow an instructor to change the simulation param-
eters and confront students with different emergency
scenarios (e.g. blocked airway, different ventilatory
patterns).



telepresence to near and far space via human-robotic sysObjectives Let V = {z1,...,z,,} be a set of (typed)
tems and by interconnecting the visual senses and decisiowvariables, each of which has associatagse; and ado-
making of remote participants [2]. main D.,. In our approach, each domain is at most count-

Systems for remote surface exploration or orbit assemblyable. Because of this, the notatigm b] will be mostly
and repair tasks and maneuvers are under continuous invegised to denote finite intervals (e.gl, 3] may denote the
tigation by the National Space Agency (NASA) []. Such set{1,2,3} orthe se{1,1.5,2,2.5, 3}; the distinction will
systems help “extend human presence throughout the solabe clear from the context).
system” by extending human telepresence to near and far An observation state ovey (o-state for short) is any
space via robotic systems and across astronauts during sussignmenty : V— | J, D, such thaty(z) € D, for any
face exploration or during station repair. type 7 and variablex of typer. T'(V), or simply I, will

In what follows we are briefly presenting the functional- Stand for the set of all o-states over
ity of such a prototype based on the following real scenario. ~ 0-states represent discrete observations of the behavior
During a space mission repairs have to be executed on théf a given system. Actors may interact with the system and
International Space Station located on the Earth’s orhit. A guide its behavior. Therefore, o-states are controllapl®u
astronaut located in the Space Shuttle attached to therstati some extent. Given ainitial o-state~, and afinal o-state
uses the system to manipulate a robotic arm during repairs.s, anobjectivecan be roughly defined as a sequence of
At the same time he receives repair instructions/protocolsactions that actors are to perform in order for the system to
from the Earth’s surface base station through an AR-based€achy; from .
system (Figure 2).
Environments and Actions Each actor acts in sonasvi-
ronmentand performs some actions. Each action performed
by an actorA presupposes:

e atimer required byA to read the current o-state

e atimer’ required byA to perform an action.

Figure 2. Multi-Modal Interaction System

The time values and7’ depend on the environment in
The system has the potential to: which the actors act. For example, a satellite orbitinglEart
reads the current state (from an Earth base) faster than a
e Provide haptic feedback to the user regarding the force satellite orbiting March (Figure 3 illustrates this).
applied by the robotic arm while repair actions are exe-
cuted (e.g., rotating a valve until a certain force thresh- \n,\

old has been reached);
e Allows the user and the team of engineers located on @

the land station to actually “see” and therefore better
understand their actions on the component being re-
paired.

readg

wiitep

e Allows the user and the team of engineers located on
the land to communicate in real-time on their actions. \ writey,
[ g —

o g E—
| read, BE

3 Modeling CARSs

In this section we propose an automata-based formalism ~Figure 3. Read- and write-times associated
for CARSs and formulate objectives as reachability-like de ~ Wwith different positions in space
cision problems in the formalism.

If a set( of states is associated with an actyrthen the
Actors Actorsare entities that are able to perform com- time values needed hy to read the current o-state and to
plex operations on a given set of variables. These opegation perform an action can be given by two functions, téad-
are specified with respect to a concrete application. In whattime functionread : Q—T and thewrite-time function
follows we assume that a set = {A;,..., Ay} of k > 1 write4 : Q—T, whereT is a set of time values (each of
actors is given. which is a non-negative real number).



Of course, many variations of these two functions can be Cooperative Systems Now, we introduce our model,
defined, depending on the system we want to model: called cooperative systerfCS). Such a system is defined

. . as a 5-tuple
1. 7 is constant for each actor and each action; P

2. 7 depends on actors; S =V, A reada, writea, C),
3. 7 depends on actors and actions (an actor may not need'here
to read the entire state in order to be able to performa 4 ) ig 5 set of (typed) variables:
required action).
e Ais asetof actors ové (i.e., their inputs are o-states

. . . ,
4. similar discussion on’. over subsets of variables):
where: tions;
° Q is a finite non-empty set dtates o writey = {wm’teA|A S A} is a set of write-time
functions;

e Y is a set ofinputs
. " , e C is atime-constraint.
e § is thetransition function ¢ : Q x ¥—=P(Q x X),

which may be a partial functionq(X) stands for the If only finite domains are associated to variables, then
powerset ofX); we will say thatsS is afinite-domain CSand if all actors are
local, thenS will be called alocal CS
* ¢ € Qs theinitial state Thesizeof a CSS with k actors is
As we can see, an actor is a kind of a non-deterministic k
automaton, the only difference consisting in the fact that [|S|| = Z | 4;]l,
infinite input sets are also allowed. i=1

Thesize of the actord, denoted|A4||, is the number of
transitions ofA.

In most cases; will be the sefl’(X) of all o-states over
some subseX C V of variables. In such a case, the actor Computations A configurationof a cooperative systets
A will be calledlocal if X c V, andglobalif X = V. A is any (k + 2)-tuple
local actor has access only to a proper subset of variables.

Moreover, to have a flexible notation, especially with com-
putations which are going to be defined in what follows, we \ynere:
will extend the transition function of local actors frdni.X )

whereA; is theith actor ofS.

<t7q}a-~-7q{§a’7)a

toI'(V) by: e tis the current time;
/ /
(',7') € d(g,7) e ¢! is the current state of;, for anyi;
whenever there existg/, 0’) € d(g,8) such thaty(z) = )
6(z) and~'(z) = 0'(z) for all z € X, and~(y) = +(y e ~is the current o-state.
forally € V —X. S . Thetransition relationt is given by:
We emphasize that such an extension is just for technical
purposes (see below the definition of a computation). (gt ..., a5y

Time-constraints If an actorA is in a state; and it is not iff there existsi such that:

able to read the current o-state in due time, then no action 1. reada, (¢0) < C(v) (i.e., A; satisfies the time-

specific tog can be triggered by. constrainC());
Time-constraint§mpose time restrictions on triggering o
actions. A time-constraint is any function 2. A; performs an action, i.e.
C:T—TU{c}. @) di(gi, ) = (a5,7);

) ) ) b) ' =t + reada. (¢) + writea. (g¢);
C(v) gives the maximum delay permitted to the actors to (b) A1) A (1)

trigger their actions in state. WhenC(y) = oo, we will 3. qg = q{, for all 7 # i (i.e., the other actors do not
say that no time-constraint is imposed. perform any action).



Many practical cases require that specific jobs be com-
pleted in a given amount of time. For example, a robot sent
in space to fix a satellite should complete the job in a given
time interval, a medical procedure should be applied to a
patient in a given time interval etc. Thus, we define the fol-
lowing version of the P-reachability problem.

As usuaI,Jl—r is the transitive closure df, andt is the
reflexive and transitive closure bf

A computation ofS usually starts with the initial config-
uration

(07Qé7 e 7q(’§,%),
wherey is the initial o-state angl} is the initial state of4;,

for anyi. If Time-reachability Problem
Instance: cooperative systeshinitial o-stateyy,
0,48, ....q% ) u t,q ..., ") f!nal o-stateyy, predicateP overI’, and
time valuet;
then we will say thaty is reachable in time. Question:  igy; P-reachable fromy in timet’ < ¢?

Objectives Again Objectives with respect to a coopera- 4 Endotracheal Intubation from a Formal

tive system can be often defined as variations of the reach-  Point of View

ability problem which asks to decide whether the actors of

a cooperative system can cooperate in order to complete @ The main cause of failure in applying ETI is the inability
job. They start with an initial description of the problem 4 yvisualize the larynx during laryngoscopy after neck flex-
they have to solve (which is an initial o-state) and should jopy and external cricoid pressure was applied [10]. There-
end up with a final o-state. Formally, the problem is as fol- fore, training scenarios with corresponding recuperative

lows: tions should take into consideration the following two main
cases:
Reachability Problem
Instance: cooperative systefhinitial o-stateyy, 1. Blocked airway In such cases the airway is blocked
and final o-statey; by a foreign object or by the inflated tongue. An anti-
Question: isys reachable fromy,? inflammatory solution is usually administered and/or
an alternative route for the air is found. In the AR in-
Knowing that a final o-statg; can be reached from an tubation scenario (Section 2), the blocked airway can
initial o-state~, is important. However, in many practical be simulated by changing one of the HPS parameters.

cases it is not enough. One might also want to know how Let us define the parameterc {0,1}, where0 de-
this o-state is reachable. For example, if a cooperative sys notes a normal condition for intubation ahdlenotes
tem models an ETI and during the intubation the patient a blocked airway condition;

dies, then it is not important at all that the intubation was

successful. The intubation should be done in such a way 2- Halo cervical tractioncondition is usually caused by

that the patient is kept alive. Therefore, each intermediat fractured vertebrae. As a consequence, the head can-
state should satisfy some property. not be aligned in the correct intubation position. In
Given a predicaté® overT’, we say that an o-statg is such cases, an alternative cuffed pharyngeal tube is
P-reachablein S from an o-state if there exists a compu- employed. The halo cervical traction scenario can be
tation simulated by changing one of the HPS parameters. Let
us denote this parameter ye {0,1}, where0 de-
(to, Gy gl o) oo b (b gd, oo gy - notes a normal condition for intubation ahdienotes

a halo cervical situation.

O e _ . .
(b %) ETI can be formalized as a reachability problem in our

such thaty = 0, v = 70, v = Y&, andP(v;) holds true,  model of cooperative systems. We shall consider a very

for all 4. simplified scenario just as a running example for the paper:
P-Reachability Problem 1. Parameterghat characterize the system:
Instance: cooperative systefhinitial o-stateyy,

e HPS mechanical parameters that allow modifica-
tion of the mechanical properties of the simula-
tor:

final o-statey;, and predicaté” overTI’,
Question:  isyy P-reachable fromy,?

It is obvious that reachability is a particular case of P- — blocked airway (through swollen tongue)
reachability (the case where s satisfied by all o-states). parameter: € {0,1};



— halo cervical traction condition parameter the update cycle will increase). A complex sys-

y€{0,1}; tem can produce delays that will affect the ren-
dering cycle of the virtual components to unac-
ceptable frame rates (i.e., the frame rate drops
below 30 frames per second);

e HPS soft parameters whose values are obtained
by monitoring the patient:

— breathing ratebr, measured as breathing o .
cycles per minute (e.g. adult 12-20 cy- 5. The mainobjectiveis to train the student to perform a
cles/min).br must be maintained in a given correct ETI, characterized by:
interval [br,in, brmaz] during any ETI pro-
cedure;

— heart rate hr, measured as beats per
minute (e.g adult 60-80 beats/min).Ar
must be maintained in a given interval
[ATmin, Mmaz] during any ETI procedure;

e a short period of time for performing the intu-
bation ¢ < t,.42);

e keeping the vocal cords and other internal tissue
intact (pressure on the internal tissue should be
P < Pmaa);

e the HPS parameteis: and hr should be main-
tained in the appropriate intervals:,;n, br'maz)
and [Armin, hrmaz], respectively, during the in-
tubation procedure.

e Position and orientation information for the vir-
tual models superimposition given as the tube dy-
namic tracking parameters. This parameter, de-
notedpo, is an array of 8 values, the first 4 repre-
sent the orientation quaternion, followed by the 3 During the ETI procedure, instructors may change the
values for translation and one error term [12]; current values of these parameters facing the student with

more or less difficult cases. We are focusing our attention

e Pressure@ measured on the tube tip during intu- .
® P g on the following four cases:

bation and which must be maintained in a given

interval [0, pqa)- e Normal case# = 0 andy = 0);
For each parameter, its domain is a finite set; e Blocked airway ¢ = 1 andy = 0);
. Ano-stateis of the formy = (z, v, br, hr, po, p). The e Halo cervical condition£ = 0 andy = 1);

initial o-statey, characterizes the fact thatP.sS is in
the horizontal position, the endotracheal tube is ready
for intubation, and the other parameters have some ini-
tial values. The final o-statg; is characterized by the We assume thatl; and A, are global actors; they can
fact that theH PS is in the horizontal position and the monitor all parameters but; can only change the parame-
endotracheal tube is correctly placed in the trachea; ters in{z,y}, andA,, the ones ibr, hr}. The student is
a local actor and, indirectly (by his actions), can modify th
. Actorsin the system are two medical doctods and parameters in the sébr, hr, po, p}.
Az which are the instructors, and one studehf A possible scenario for; is the one given by the au-
They collaborate (interact) through their AR-based in- tomaton in Figure 4. Each state corresponds exactly to one
terface. The instructors can modify the system param- of the four case mentioned abovel; can modifyz or y
eters to simulate difficult cases for the student. There-in an obvious way as described by his automaton. For in-
fore, the set of actors igl = {A;, A2, A3} (theirac-  stance, § = 0|y = 1” says thatd, can trigger a halo cer-
tions will be described later); vical condition by setting/ = 1, whenever = 0 and inde-
) ] ) ) pendently ofr’s value (the other actions are similarly inter-
- Theenvironmenin which the actors perform is sub-  preted). The only restriction is that once the halo cervical
jected to several constraints such as: condition has been set it is irreversible for one simulation
cycle.
A corresponding scenario fot, is described in Figure
5. The arc labeled[br, hr]|Jbr[” says that4, can mod-
ify the breathing rate to bring it outside the normal breath-
ing rate interval, denoted|8r[", wheneverbr and hr are
e System delays (e.g., rendering virtual compo- in their associated normal intervals, denotég-hr]” (the
nents and tube tracking delay). These delays de-other labels are similarly interpreted). The purpose o thi
pend of the complexity of each local system (e.g., transition is to train the student to handle additional clbmp
for more tracking sensors connected that the node cations arising during the intubation procedure.

e Halo cervical condition and blocked airway = 1
andy = 1).

e Network communication delays (e.g., transmis-
sion, propagation, and buffering delay). These
delays depend on the communication infrastruc-
ture;
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g — initial state
. g1z — ETI under normal conditions
Flgure 4. Actor A, Az — ETIunder halo cervical
Az — ETTunder block airway
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\. [bru] | Jbr[ /D

Figure 6. Actor As

We will now consider an example of computation. Let
v = (0,0, 15,65, po, 0), wherepo gives the initial param-
eters of the tube. The following sequence of transitions de-
fine a computation:

0
@ o] [ 100 (0, 90, 90, 90, Y0)

[brJu] | JThr[

1o [ [ryrq]
Tsu [ [m]

(7’07(10,%,(117%)

(70 + 71 + 71,490, 90, q1, V1)

(70 + 71+ 71 +7,90.41,q1,72)
(10 + 271 + 27{ + 7,490, 41,92, 73)
(7o + 71+ 71 + 7,90, 41,92, 74)

T T T T T

read 4, (g)= writey, (@) =7, Vg

qo — br and lr normal
q — br atleast once modified where

gz — br and hr atleast once modified "
qz — hr atleast once modified

(0,0,15,65, po + A, 0)

v = (0,0,25,65,po+ A,0)
Y3 (0,0,18,65, po + A, 0)

Figure 5. Actor A, Y4 (0,0, 15,65, po 4+ 2A,0)

The first two steps in the computation above are performed
by the student who reads the initial configuration in tirge
Both automata are characterize by constant read- andyng then advances the tube into the trachea\bynits in
write-timesr. time 71 + 77. Now, the second instructor faces the student
At a remote site A3 performs the intubation procedure with a difficult situation by bringing the parameterout of
and works toward ameliorating the conditions imposed by its normal values+,). This case is managed by the student
Ay and As, as part of his training exercise. Figure 6 de- whose actions will hopefully bring the parameter back into
scribes the possible states for the HPS as an effed; isf its normal interval; his new state is. Then, the student
interaction. All actions performed by the student can be continues the intubation.
grouped into three classes accordingrt@nd y's values. Each biological parameter is characterized by two inter-
Only the actions for the normal intubation procedure= vals: anormal intervalwhich gives the normal values of the
0, y = 0) are illustrated. The other three difficult cases are parameters, and survival intervalwhich extends the nor-
grouped into two dashed boxdg, andA33. The arc labels  mal interval withcritical values(i.e., values which are criti-

have similar interpretation. For instancéy’; hr]|po + A” cal for the patient’s life). Values outside the survivakinal
means that the student will proceed with the intubation pro- are regarded dsital values We assign each parametér (
cedure by advancing the tube insertion by a valyepro- andhr) a survival interval and define the predic&tavhich

vided that the HPS'’s breathing and heart rate are normal. is satisfied by an o-statgif and only if the parameters are



in the corresponding survival intervals. For instance, éf w 8 te 2l 2lx —L %41
assume that 25 is in the survival interval for, then the O

computation above is a P-computation. '\\‘ t $4 .

5 Basic Properties of Cooperative Systems 5 / D

We have introduced CSs and showed how they can be
used to model CARSs. In this section we will conduct a
short investigation of a few basic properties of CSs.

a) b)

Figure 7. a) A transition ¢; b) The actor A,

5.1 Petri nets and Cooperative Systems
Under monotonicity and local finiteness restrictions, co-

It is important to know the relationship between coop- operative systems without time-constraints can be siredlat
erative systems and other models focusing on concurrencypy Petri nets. First, we say that a cooperative systeis
distribution, and cooperation. One of these models is thatmonotonidf:
of a Petri net [13].

Petri nets can be viewed as cooperative systems without
time-constraints. Indeed, 18t be a Petri net. To each place e for any actorA and any transitioriq’, ') € d(q,~) of
s an integer variable ; is associated, and to each transition A, the following property holds true
t an actorA; is associated, as follows:

e for any variabler, its domain isN;

@7+ 0 =) €dla),

for any ¥ > ~ (the inequality between functions is
component-wise defined).

e A, has exactly one stat®, which is also the initial
state of the actor;

e A,’s transition function is defined for any paifqo, )
satisfying y(zs) > W({(s,t) for all s. Moreover,
§(qo, ) is defined by(qo,~"), where

A monotonic cooperative systefis calledlocally finite
if for any actorA and any stategandq’ of A, there exists a
finite set of vectors with integer component$;, ..., V,},

N (zs) = y(xs) — W(s, t) + W(t, s), such that for any transitiofy’,7’) € d(¢,v) of 4, the fol-
lowing property holds true:
for all s. ,
v ==V,

For each automatod,, reada, (qo) = writea,(qo) = 0.
This construction is illustrated in Figure 7 (the inscripti
on the arc in Figure 7(b) says that the transition can be ap-
plied only ifz,, > 1 andxz,, > 1 and, in this casex, will
be decremented and,, will be incremented).

Time-constraints can be added in an arbitrary but fixed e to each variable: associate a place,;
way.

Given a markingM of X, define the o-state,; by
v (xs) = M(s), for all s. Now, it is easy to see that for
any two markings\/ andM’, and any transition, we have

for some;.

Now, for a monotonic and locally finite cooperative sys-
tem S without time-constraints, define a Petri neas fol-
lows:

e consider a new place, which is going to keep track
of the time;

e to each actord and statey of A associate a placey .

A, Atokenins, , denotes thatl is in stateg;

M[tYM' < (0,q0,...,q0,70) F (0,90, ..,q0,vam), .
1t (0,90 90, 701) (0, 4o 90, ar') e let A be an actor,q and ¢ states inA, and let

Ay - S Vi,...,V, be vectors as above. For each vecipr
whereF specifies that the transition is performed Ay, define
1A Petri netis a tupleX = (S, T, F,W), whereS andT are two P(A q q/ V-) _ {’7|3’7/ . (q/ ,y/) c 5A(q ’Y) ,y/_,y _ V-}

finite sets (ofplacesand transitions respectively),S N T = (), F C
(SXT)U(T x S) is theflow relation andW : (SxT)U(T' x S) — N

. , .
is theweight functiorof S verifying W (z, y) = 0 iff (z,y) & F). and letmin(I'(A, ¢, ¢, Vi)) be the set of minimal el-

Thetransition relationof a Petri net states that a transitiaris enabled ements of'(A, ¢', ¢, V;). min(T'(A,q',q,V;)) is a fi-
at a markingM, denotedM [t), if M (s) > W (s,t) foralls € S. If ¢ nite set; it is non-empty if'(4, ¢, ¢, V;) is.
is enabled afV/, then it can occur yielding a new markirg” given by . . "
M(s) = M(s) — W(s,t) + W(t,s) for all s € S; we denote this by To eachy € min(I'(A, q/.» q,V;) associate a transition
MI[tyM'. ta.q,¢',vi,~ and connect it to places as follows:



v(z),

W(sasta,qq,viq) =
Wi(saq tagqviy) =1,
W (

W(

tA,q.q' Vi Sz) = () + Vi(2),
tAqq Vi Saq) =1, and
- W(tA,q,q ' Vi 80) = reada(q) + writea(q),

for all variablesz.

Given a configuratiom = (t,¢",...,q",~) of S, define

the markingh/, by:

o M.(s;) = ~y(x) for all variablesz,
o M.(s,)=1foralll <i <k,
e M.(sy) =0forallg & {q,...
o M.(s0) =t.

Now, due to the monotonicity and local finiteness proper-
ties, one can easily prove that

,q"}, and

/

g5 E(tay g, db ) =¢

if and only if M.[ta.q, 40, v,5) M, TOr SOMEtA g, 40, v,5-
The construction above is illustrated in Figure 8. The

C:(tlaQia"'

Figure 8. a) A CS with only one actor A; b)
The Petri net associated to the CSin a)

automatond is monotonic and satisfies the local finiteness
condition. All read- and write-time values are considered 1
TheI'-sets are:

b F(QU7q07 (07 170)) = {(x,y,z)\x,y,z 2 0}'

(g0, 90, (0,0, —1)) = {(0,0,2)[z > 1},
(QO1q17 (1 0 O)) = {(:C’yvz)"rvywz > 0}! and
I(

ql»le( ) 170)) = {(an70)|y > 1}

Based on these sets, the Petri net in Figure 8(b) can be easily

obtained. The notation for transitions is

° = 4,40,90,(0,1,0),(0,0,0)1  t2 =
€ A,40,90,(0,0,—1),(0,0,1)
o t3 = tA,q0.a1,(1,0,0),0,0,00 T4 =

tA,q1,q1,(0,~1,0),(0,1,0)-

5.2 The Reachability Problem

As we have mentioned in Section 3 and also exempli-
fied in Section 4, objectives of CARSs can be formulated
as reachability problems for CSs. In this section we will
investigate this problem.

First, we remark that counter machines [7] can be easily
simulated by cooperative systems with just a single global
actor, if infinite domains are allowed. Counters are modeled
by integer variables and the actor simulates the transition
relation in a straightforward way. If no global actor is al-
lowed, but infinite domains are, the simulation of a counter
machine can be done by associating local actors to counters
(one for each counter). If a transition of the counter maghin
modifies simultaneously more than one counter, then the
corresponding actors should be correlated with each other
by variables in a straightforward way.

As a conclusion, the halting problem for counter ma-
chines can be reduced to the reachability problem for co-
operative systems, and the following result directly fako

Theorem 1 The reachability problem for cooperative sys-
tems is undecidable.

We consider now the case of finite-domain CSs (i.e.,
each variable has associated a finite domain).

Instances of the time-reachability problem wheis of
polynomial size and® can be verified in polynomial time
(w.r.t. the size of the cooperative system), play an impor-
tant role in practice. The problem consisting of all these
instances will be called thpolynomial time-reachability
problemfor cooperative systems.

Theorem 2 The polynomial time-reachability problem for
finite-domain cooperative systems is NP-complete.

Proof First, we show that the problem is in NP. Consider
the algorithm

input: CSS, initial o-stateyy, final o-statey,
predicateP verifiable in polynomial time
and time valué of polynomial size (w.r.t.
[IS11);

output:  “yes”, if v, is P-reachable in time’ < ¢,
and “no”, otherwise;

begi n

guess a sequence of transitions of length at most
such that the first one rewriteg and the
last one ends up withi¢;
i f each transition in the sequence verifies
t hen i f the sequence induces a computation
t hen “yes” el se “no”;
end.



deterministic polynomial time w.r.t. the size §fand de-
cides the polynomial time-reachability problem. Therefor
this problem is in NP.

exhibit a reduction from the Hamiltonian circuit problem.
trary but fixed node irtz. Without loss of the generality we

may assume that’| > 2. Define the following instance of
the time-reachability problem for finite-domain CSs:

Itis straightforward to see that the algorithm runs in non- vision not only worth pursuing, but one that calls out for

research.

This work proposes an automata-based formal model for
CARSs that allows and in-depth analysis of such cooper-
In order to prove that the problem is NP-hard, we will ative systems. The model seems to be a good fit and its
properties indicate a high potential for further investigma.
Thus, we were able to establish a connection between co-
operative systems and Petri nets, a well-studied model of
distribution and concurrency. We also showed that reacha-
bility for cooperative systems is in general undecidahhel, a
) ) it is NP-complete for the finite-domain ones.

* to each node we associate a variable, whose do- Many problems remain to be investigated. First of all,
main is{0, 1,2}. The value 0 for a variable, means 4 in-depth study of the basic properties of the model is
that “v has not yet been visited”, the value 1 means that hecessary by exploiting the rich and mature automata the-
“vis the current node”, and the value 2 means that “ oy apparatus. Verification techniques should be considere
has already been visited”; too. Many such techniques developed nowadays are based

on automata and, therefore, we anticipate the application

of these techniques to cooperative AR systems through the

Let G = (V, E) be a directed graph ang be an arbi-

e to each ardv,v’) with v # v’ we associate an actor

A, ., With only one state,, and whose transitions are
(q0,7") € d(qo, ) iff either

= (@) = 1, (@) = 0,7 (z0) = 2,7 (20) =
1, andy(z) = v/(z), forall z # x,, x,, OF

— v =g, y(xy) = 1,7 (z,) = 2, andy(x) =
~'(x), for all z # x,;

proposed model. While we are currently focusing on these
problems, a software tool allowing simulation, testingd an
validation of CARSs is under development.
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° readAM,(qo) = writea, ,, (qo) = 1/2, for all v #

v’

e letyy = (1,0,...,0), andvys = (2,2,...,2) (the first
coordinate corresponds i, );

e C(v) can be any number greater than or equal/;
e let P be thetrue predicate (satisfied by all o-states).

It is easily seen that the CS above can be constructed
in polynomial time with respect tgV| (there are at most
|V|? actors and each actor has exactly one state and one
transition). Moreover, there exists a Hamiltonian cir¢ait
G ifand only if (|V], qo, - - -

6 Conclusion and Future Work

CARSs enable collaborative work spaces separated by

[2]

,qo,f) is P-reachableD 3]
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